A theory of nonlocal elasticity of bi-Helmholtz type is studied. We employ EringenÕs model of nonlocal elasticity, with bi-Helmholtz type kernels, to study dispersion relations, screw and edge dislocations. The nonlocal kernels are derived analytically as Green functions of partial differential equations of fourth order. This continuum model of nonlocal elasticity involves two material length scales which may be derived from atomistics. The new nonlocal kernels are nonsingular in one-, two-and three-dimensions. Furthermore, the nonlocal elasticity of bi-Helmholtz type improves the one of Helmholtz type by predicting a dispersion relationship with zero group velocity at the end of the first Brillouin zone. New solutions for the stresses and strain energy of screw and edge dislocations are found.
Introduction
Classical continuum theories like the linear theory of elasticity are intrinsically size independent. The classical theory of elasticity predicts no dispersion and is valid only for small wave numbers. In addition, the elastic strain, the stress and the elastic strain energy of defects (dislocations, disclinations) are singular 0020-7683/$ -see front matter Ó 2005 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2005.04.027 at the defect line. Of course, such singularities are unphysical and they are the price which has to be paid if one uses classical elasticity within the defect core region.
An improvement is obtained by using nonlocal elasticity instead of classical one (Krö ner and Datta, 1966; Eringen, 1983; Eringen, 2002) . Theory of nonlocal elasticity includes the effect of long range interatomic forces so that it can be used as a continuum model of the atomic lattice dynamics. In the theory of nonlocal elasticity the stress at a reference point r depends on the elastic strain at every point r 0 . From the mathematical point of view, this nonlocal interaction is given by a so-called nonlocal kernel. Solutions for the screw and edge dislocations within nonlocal elasticity with Gaussian kernels have been given by Eringen (1977a,b) . A feature of these solutions is the elimination of the stress field and strain energy singularities at the dislocation line. For a special class of kernels, which are the Green functions of the Helmholtz equation, nonlocal elasticity was studied by Eringen (1983 Eringen ( , 1992 Eringen ( , 2002 . These kernel are singular in two-and three-dimensions. This nonlocal elasticity of Helmholtz type was used for the calculation of the stress field and strain energy of a screw dislocation. Fortunately, the singularities of the stress disappeared. This stress field of a screw dislocation coincides with the stress field calculated by Gutkin and Aifantis (1999a) within the gradient elasticity framework. Furthermore, the strain energy is finite at the dislocation core. The stress field of an edge dislocation was calculated by Lazar (2003) in the framework of nonlocal elasticity of Helmholtz type. His result is in agreement with the stress obtained by Gutkin and Aifantis (1999a) within gradient elasticity. On the other hand, the predicted dispersion curve is more realistic in nonlocal elasticity than that obtained within the classical elasticity. However, the group velocity is badly off at the end of the Brillouin zone. These solutions for the stress fields converge to the linear elasticity solutions in the far field.
Thus, the question arises, how can we improve the nonlocal elasticity of Helmholtz type? The kernels should be the Green functions of partial differential equations of higher order which are modifications of the Helmholtz equation. The physical motivation of this paper is twofold. First, the nonlocal kernels should be nonsingular and, thus, they should have a finite maximum value. Second, the kernels of biHelmholtz type should lead to dispersion relations for plane harmonic waves, which are coincident to those obtained in lattice dynamics. Thus, the group velocity must be zero at the boundary of the Brillouin zone. The physical reason is that the limit-velocity with k = p/a belongs to a standing wave (no wave propagation)-a well-known result in lattice dynamics. Recently, Picu (2002) discussed the implications of modified Gaussian kernels which depends on two intrinsic length scales to improves the behaviour of the group velocity.
In this paper, we address the theory of nonlocal elasticity of bi-Helmholtz type. In Section 2, the framework of isotropic nonlocal elasticity is discussed. We specialize to nonlocal elasticity of bi-Helmholtz type in Section 3. In Section 4, we give the nonlocal kernels of such a theory in one-, two-and three-dimensions. In Section 5, we give the dispersion relations and compare them with results obtained in lattice theories. The stresses and strain energies of screw and edge dislocations are calculated in Sections 6 and 7. Finally, we conclude with a summary in Section 8. Some mathematical details are given in Appendix A.
Governing equations
The fundamental field equations of nonlocal elasticity have for an isotropic medium the following form (Eringen, 1983 (Eringen, , 1987 (Eringen, , 2002 : which are the Lamé coefficients of the nonlocal medium. Thus, the nonlocal kernel is a measure of the effect of the strain at r 0 on the stress at r. The nonlocal kernel a(jr À r 0 j) has the following properties:
2) it is clear that the nonlocal kernel has the dimension of (length) À3 . Therefore, it must depend on characteristic length scales.
(ii) It must reach a maximum at r = r 0 and has to decay to zero at large distances. which is the normalization condition of the nonlocal kernel.
(iv) It must be a continuous function of position (in the classical limit it becomes the Dirac delta function).These rather general conditions can be fulfilled by many functions. An additional property of the nonlocal kernel may be: (v) It is a Green function of a linear differential operator L:
L may be a differential operator with constant or variable coefficients of any order. Applying the differential operator L to Eq. (2.2), we obtain the differential equation for t ij :
where the inhomogeneous part is given by the stress tensor r ij . If L is a differential operator with constant coefficients, then (2.1) gives
3. Nonlocal elasticity of bi-Helmholtz type
As elliptic differential operator we use an operator of fourth order which has already been proposed by Eringen (1992 Eringen ( , 2002 . This linear differential operator of fourth order of bi-Helmholtz type with constant coefficients is given by
1Þ where e and c are nonnegative parameters of nonlocality. These two parameters have the dimension of lengths and, thus, they may be written in terms of a characteristic length scale, a, (i.e., lattice constant)
e ¼ e 0 a; e 0 P 0; c ¼ c 0 a; c 0 P 0.
ð3:2Þ
Nonlocal elasticity of bi-Helmholtz type has two limits. They are given in two steps. The limit from bi-Helmholtz type to Helmholtz type is given by c ! 0. The second limit is obtained by e ! 0, in addition to the first one. The second limit is the limit from nonlocal elasticity of Helmholtz type to classical theory of elasticity.
Using (3.1), Eq. (2.9) reads
and (2.10) gives
In addition, Eq. (2.11) is given by
Using Eqs. (2.3) and (2.4), we obtain from (3.5) the following partial differential equation for the displacement vector:
Because Eq. (3.6) involves mixed space-time derivatives up to fourth order space derivatives, it is an improved linear version of the ÔgoodÕ Boussinesq equation (see, e.g., Maugin, 1999) .
The differential operator is called bi-Helmholtz operator because it can be factorized into two Helmholtz operators according to We note that such a factorization was not used by Eringen (2002) . Due to (3.11), the condition of the discriminant in Eqs. (3.8) and (3.9) must be nonnegative. Thus,
ð3:12Þ
Then, we have the two possibilities:
• e 4 > 4c 4 , c 1 5c 2 are real, ) e > ffiffi ffi 2 p c.
where K n is the modified Bessel function of the second kind (or McDonald function) of order n.
ð4:3Þ
and for the limit c 2 ! c 1 = c we obtain (a) One-dimension: ð4:6Þ
The kernels (4.1)-(4.6) fulfill all conditions (i)-(v). It is important to note that all kernels (4.1)-(4.6) are nonsingular in contrast to the two-and three-dimensional nonlocal kernels of Helmholtz type which are singular at r = 0. In the limits c 2 ! 0 and c 1 ! e, the nonlocal kernels (4.1)-(4.3) reduce to the nonlocal kernels of Helmholtz type given by Eringen (1983 Eringen ( , 1987 . The kernels (4.4)-(4.6) are plotted in Fig. 1 .
Matching the dispersion curve with lattice models
We consider an elastic body of infinite extent with no discontinuity or body forces. Using the Helmholtz decomposition of the displacement field u j into the Lamé potentials (scalar potential /, vector potential w j ) according to 
Eq. (3.6) with f = 0 reduces to
Here v 1 and v 2 denote the longitudinal and the transversal velocities of sound, respectively. For plane harmonic waves, Eqs. (5.2) and (5.3) lead to the following dispersion relations for the plane longitudinal and transverse waves
ð5:6Þ
The phase velocity is given by
and the group velocity reads
The natural conditions for dispersion relations are
The first condition means that the group velocity is v j at the beginning of the Brillouin zone and the second condition of Eq. (5.9) means that the group velocity vanishes at the end of the Brillouin zone. From the second condition of (5.9), we obtain the value for c 0 (see also Eringen, 2002) :
The dispersion relation (5.5) may be compared with those known from lattice dynamics to obtain the value of the coefficient e 0 .
Nearest neighbour interactions
In the Born-von Kármán model of lattice dynamics, which is analogous to the case of a chain with only nearest-neighbour interactions, the dispersion relation reads (see, e.g., Brillouin, 1953) 
2 sin 2 ðka=2Þ. ð5:11Þ
The matching for (5.11) and (5.5) with (5.10) is perfect at the end of the Brillouin zone (ka = p) if (see Fig. 2 )
The dispersion relation (5.5) with the values (5.10) and (5.12) coincides with KuninÕs result for a Debye quasicontinuum (Kunin, 1983; Eringen, 2002) . Unfortunately, it violates the condition (3.12). In fact: 
. But, this is not acceptable from the physical point of view. If we use the case e 2 = 2c 2 , the dispersion relation reads
ð5:16Þ
From the matching at ka = p, we obtain for c 0 :
or for c 1 and c 2 :
But the price one has to pay is that the group velocity is off at the end of the Brillouin zone. In fact, the group velocity is close to zero at the Brillouin zone boundary. However, it is a better approximation than the dispersion curve of nonlocal elasticity of Helmholtz type (see Fig. 3 )
; with e 0 ¼ 0. 39; ð5:19Þ where the group velocity is badly off at the end of the Brillouin zone. Therefore, the best physical result for the match of the Born-von Kármán model is given by nonlocal elasticity of Helmholtz type or bi-Helmholtz type with one parameter of nonlocality. However, in both cases the group velocity is badly off at the end of the Brillouin zone. 
Next nearest neighbour interactions
Now, we consider a model of lattice dynamics with next-nearest neighbour interactions. Thus, we account for the interactions with first and second neighbours like in a homogeneous chain. The dispersion relation of such a model is given by Jaunzemis (1967). 
ð5:22Þ
Thus, e 0 is given in terms of the ratio d. If we use (5.22) and solve the inequation (3.12), we obtain the bounds for d:
and for the force constants Àa < b 6 À0.383a. ð5:24Þ
Thus, this corresponds to a competition between the interaction of second and first neighbours. The first force constant is stronger than the second one; otherwise, it would be an unphysical result. The sign and the bounds of d are similar to those given by Maugin (1999, p. 73 ).
If we give up the second condition of (5.9) and match the dispersion relation (5.16) with (5.20) at ka = p, we obtain
ð5:25Þ
Doing the same for (5.19) and (5.20), one gets and for the force constants Àa < b 6 1.467a.
ð5:28Þ
Thus, b > a is possible, what is a strange and unphysical result. We conclude that the best match for the lattice model with next-nearest neighbour interactions is obtained by the nonlocal elasticity of bi-Helmholtz type with two different coefficients of nonlocality. It predicts the physical result of a vanishing group velocity at the boundary of the Brillouin zone. No anomalous dispersion appears. Nonlocal elasticity of Helmholtz type or bi-Helmholtz type with only one parameter of nonlocality leads to unphysical results.
Screw dislocation
Consider now a static screw dislocation in the nonlocal theory of bi-Helmholtz type. For f i = 0 the static equation of equilibrium (2.1) is satisfied by introducing the stress function F according to
ð6:1Þ
For stress r zu of a straight screw dislocation we have 
Hence, the stress field t zu is given by
In the limits c 2 ! 0 and c 1 ! e, we recover EringenÕs result calculated in nonlocal elasticity of Helmholtz type (Eringen, 1983; Eringen, 2002) . For c 2 = c 1 = c it reads
The stress is zero at r = 0 and has an extremum value near the dislocation line. The extremum value depends strongly on c 2 and c 1 . For c 1 = c 2 = c, we have:
at r ' 2.324c = 1.643e. Eq. (6.6) is plotted over r/e in Fig. 5 . The stress in nonlocal elasticity of Helmholtz type has a maximum: t zu ' 0.399 lb z /[2pe] at r ' 1.114e. Only in the region r/e < 3 is a difference between the stress calculated in nonlocal elasticity of Helmholtz or bi-Helmholtz type (see Fig. 5 ).
The stored strain energy is given by
where V is the volume of the solid body. Integrating over the region r 0 6 r 6 R, 0 6 u 6 2p, 0 6 z 6 l and using e zu = b z /[4pr], one obtains the strain energy of a screw dislocation per length l as follows: 
With the limiting expression
where c E is the Euler constant, we find for a solid body of radius R:
Unlike the classical result, R s has no singularity as r 0 ! 0. Using
the final result reads
The strain energy depends on c 1 and c 2 . In the limit c 2 ! 0, we recover the result of nonlocal elasticity of Helmholtz type (see, e.g., Eringen, 2002) . The nonlocal result of Helmholtz type coincides with Gutkin and AifantisÕ gradient elasticity result (Gutkin and Aifantis, 1999b) and, in addition, they agree with LazarÕs gauge theoretical result (Lazar, 2002a; Lazar, 2002b) , which explicitly contains the dislocation core energy. Thus, we conclude that the nonlocal strain energy is the total strain energy containing the core energy.
Edge dislocation
Now we consider an edge dislocation. In the case of a straight edge dislocation, the static equation of equilibrium (2.1) is fulfilled by using the stress function f according to
The appropriate Airy stress function for a straight edge dislocation in classical elasticity is given by
where m is the Poisson ratio. The usual stress tensor is calculated by
3Þ
4Þ and thus
By using the relation (6.10) as well as the limiting expression 19Þ we find the elastic energy for a solid with radius R:
With the asymptotic formula (6.12), we finally obtain
Again, the strain energy depends on c 1 and c 2 . It can be seen that the energy (7.21) is similar to the result for the energy of a screw dislocation. Only the pre-factor and the second piece of (7.21) are different. In the limit c 2 ! 0 (nonlocal elasticity of Helmholtz type) we recover the result obtained by Gutkin and Aifantis calculated in the theory of gradient elasticity (Eq. (27) in Gutkin and Aifantis (1999b) ). Gutkin and Aifantis (1999b) is the elastic strain calculated in gradient elasticity. Gutkin and Aifantis (1999b) also calculated the strain energy of a screw and an edge dislocation with another expression for the (elastic) strain energy W ¼ À is the classical plastic distortion tensor. Because the elastic strain energy should be given only in terms of elastic fields, the plastic distortion should not enter the elastic strain energy. The price they had to pay is that for the edge dislocation they obtained a different result which does not agree with the elastic strain energy calculated in nonlocal elasticity of Helmholtz type.
Conclusions
In this paper, nonlocal elasticity of bi-Helmholtz type is studied. New nonlocal kernels in one-, two-, and three-dimensions are calculated. These kernels contain two parameters of nonlocality. All new nonlocal kernels are nonsingular. Dispersion relations are obtained for plane waves in nonlocal elasticity of biHelmholtz type. By equating the frequency at the end of the Brillouin zone, one parameter of nonlocality is determined. The second one is determined by the condition that the group velocity is zero at the boundary of the Brillouin zone. We compared the dispersion curves with results known from lattice dynamics with nearest neighbour interactions and with next nearest neighbour interactions. The best physical result for the dispersion relation of nonlocal elasticity of bi-Helmholtz type with two different parameters is obtained from lattice theory with next nearest neighbour interactions. In addition, the stresses and strain energy of a straight screw dislocation as well as an edge dislocation are calculated. They do not have singularities. The corresponding static theory of gradient elasticity of bi-Helmholtz type with double and triple stresses will be given in a further publication (Lazar et al., submitted for publication) .
Using the formulas (Guelfand and Chilov, 1962; Wladimirow, 1971 
